Abstract. We prove the Farrell-Jones conjecture for free-by-cyclic groups. The proof uses recently developed geometric methods for establishing the Farrell-Jones Conjecture.
Introduction
The Farrell-Jones Conjecture (which we will frequently abbreviate by FJC) was formulated in [FJ93] . For a group G relative to the family VCyc of virtually cyclic subgroups it predicts an isomorphism between the K-groups (resp. L-groups) of a group ring RG and the evaluation of a homology theory on a certain type of classifying space for G. Such a computation, at least in principle, gives a way of classifying all closed topological manifolds homotopy equivalent to a given closed manifold of dimension ≥ 5, as long as the FJC is known for the fundamental group. Particular significant consequences include the Borel conjecture (a homotopy equivalence between aspherical manifolds can be deformed to a homeomorphism) and the vanishing of the Whitehead group W h(G) for torsion-free G.
The Farrell-Jones Conjecture has generated much interest in the last decade, due in no small part to the recent development of an axiomatic formulation that both satisfies useful inheritance properties, and provides a method for proving the conjecture. For example, FJC is currently known for hyperbolic groups [BLR08a] , relatively hyperbolic groups [Bar17] , CAT(0) groups [Weg12] , virtually solvable groups [Weg15] , GL n (Z) [BLRR14] , lattices in connected Lie groups [KLR16] , and mapping class groups [BB16] . The reader is invited to consult the papers [BLR08c, Bar17, Bar16, BB16] for more information on applications of FJC and methods of proof.
The following theorems are the primary aims of the present note:
Theorem 1.1. Let Φ : F n → F n be an automorphism of a free group of rank n. Then the mapping torus G Φ = F n Φ Z satisfies the K-and L-theoretic Farrell-Jones Conjectures.
be a short exact sequence of groups. If Q satisfies the K-theoretic (resp. L-theoretic) Farrell-Jones conjecture, then so does G.
The structure of this paper is as follows: Section 2 contains the background material on the Farrell-Jones Conjecture necessary for our purposes. In particular, we review the geometric group theoretic means for proving FJC developed in [FJ93] and subsequently refined and generalized in [BLR08a, BLR08b] . We prove Theorem 1.1 in Section 3, using train tracks for free group automorphisms. We then use a standard argument to push this result to the case of free-by-FJC extensions in Section 4.
Background
While the Farrell-Jones Conjecture originated in [FJ93] , its present form with coefficients in an additive category is due to Bartels-Reich [BR07] (in the K-theory case) and Bartels-Lück [BL10] (in the L-theory case). The existence of an axiomatic formulation of geometric conditions implying the Farrell-Jones conjecture for a group G allows us to feign ignorance about the precise definitions of most of the objects in its statement, as well as the statement itself. We therefore restrict ourselves to the axiomatic formulation.
A family F of subgroups of G is a non-empty collection of subgroups which is closed under conjugation and taking subgroups. For example, the collection Fin of finite subgroups of G is a family, as is the collection VCyc of virtually cyclic subgroups of G.
2.1. Geometric Axiomatization of FJC. We first recall a regularity condition that has been useful in recent results on the Farrell-Jones conjecture [BLR08b, Bar17, Kno17] . Let X be a space on which G acts by homeomorphisms and F be a family of subgroups of G. An open subset U ⊆ X is said to be an F-subset if there is F ∈ F such that gU = U for g ∈ F and
An open cover U of X is G-invariant if gU ∈ U for all g ∈ G and all U ∈ U. A G-invariant cover U of X is said to be an F-cover if the members of U are all F-subsets. The order (or multiplicity) of a cover U of X is less than or equal to N if each x ∈ X is contained in at most N + 1 members of U.
Definition 2.1. Let G be a group and F be a family of subgroups. An action G X is said to be N -F-amenable if for any finite subset S of G there exists an open F-cover U of G × X (equipped with the diagonal G-action) with the following properties:
• the multiplicity of U is at most N ;
• for all x ∈ X there is U ∈ U with S × {x} ⊆ U . An action that is N -F-amenable for some N is said to be finitely F-amenable. We remark that such covers have been called wide in some of the literature.
2.2. The class AC(VNil). Following [BB16] we now define the class of groups AC(VNil) that satisfy suitable inheritance properties and all satisfy FJC. Let VNil denote the class of finitely generated nilpotent groups and their subgroups. Set ac 0 (VNil) = VNil and inductively ac n+1 (VNil) consists of groups G that admit a finitely F-amenable action on a compact Euclidean retract (ER) with all groups in F belonging to ac n (VNil).
The action on a point shows that ac n (VNil) ⊆ ac n+1 (VNil) and we set
(i) AC(VNil) is closed under taking subgroups, taking finite index overgroups, and finite products.
(ii) All groups in AC(VNil) satisfy the Farrell-Jones Conjecture.
Our main result can now be stated as follows.
The following two theorems of Knopf and of Bartels will be crucial.
Theorem 2.4 ([Kno17, Corollary 4.2])
. Let G act acylindrically on a simplicial tree T with finitely many orbits of edges. If all vertex stabilizers belong to AC(VNil) then so does G.
Theorem 2.5 ( [Bar17] ). Suppose G is hyperbolic relative to a finite collection of subgroups, each of which is in AC(VNil). Then G also belongs to AC(VNil).
2.3. Background on outer automorphisms. Outer automorphisms of a finitely generated, rank n free group F n come in two flavors according to the growth rate of conjugacy classes of F n . Indeed, let φ ∈ Out(F n ) and let C denote the set of conjugacy classes of elements of F n , which comes with a natural action of Out(F n ). After choosing a basis {x 1 , . . . , x n } for F n , elements of C are in correspondence with cyclically reduced words in the x i 's. We use | · | to denote the word length of such a cyclically reduced representative. A standard fact in the field (that follows from the existence of relative train tracks [BH92] ) is that each c ∈ C has a well defined asymptotic exponential growth rate: for all c ∈ C, there exists λ φ,c ≥ 1 such that lim k→∞ 1 k log |φ k (c)| = log λ φ,c . Moreover, as c varies over all conjugacy classes in F n , with φ fixed, the set of λ's occurring is finite: #{λ φ,c } c∈C < ∞. We say that φ has exponential growth if there exists c ∈ C whose corresponding λ φ,c is greater than 1. Otherwise, we say φ has polynomial growth; the justification for this terminology requires machinery that we will not need.
The following structure theorem of Gautero-Lustig for free-by-cyclic groups is crucial. The original proof remains incomplete as it relies on unproven facts about certain type of train tracks. In the meantime Ghosh and DahmaniLi gave different proofs.
Theorem 2.6 ([GL07, Gho18, DL19]). Suppose Φ : F n → F n grows exponentially. Then G Φ is hyperbolic relative to a finite collection of subgroups, each of the form F ψ Z for a finite rank free group F and a polynomially growing automorphism ψ : F → F . 
2.4.
Transverse coverings. Consider an action G T on a simplicial tree by isometries. A transverse covering [Gui04, Definition 4.6] in T is a Ginvariant family Y of non-degenerate closed subtrees of T such that any two distinct subtrees in Y intersect in at most one point. A transverse covering Y gives rise to a new
Proof of Theorem 2.3
This section contains a proof of our first main result, which follows with relative ease by combining results from the literature with Proposition 3.1 below. After explaining the reduction to the case of polynomially growing automorphisms, the remainder of the section is devoted to the proof of Proposition 3.1.
Proposition 3.1. Suppose φ ∈ Out(F n ) has polynomial growth and let Φ be any lift to Aut(F n ). Then the free-by-cyclic group G Φ belongs to AC(VNil).
It's easily seen that the group G Φ = F n Φ Z depends only on the outer class of Φ, so we will henceforth denote it by G φ .
Proof of Theorem 1.1. If φ ∈ Out(F n ) has polynomial growth, then Proposition 3.1 applies and we are done. Otherwise, φ has exponential growth and we can apply Theorem 2.6 to conclude that G φ is hyperbolic relative to a collection of peripheral subgroups each of which is isomorphic to the mapping torus of a polynomially growing free group automorphism. By Theorem 2.5 the conclusion follows.
3.1. Proof of Proposition 3.1. Since AC(VNil) passes to finite index overgroups, we may replace φ by a positive power. This allows us to apply [BFH00, Theorem 5.1.5] to obtain an improved relative train track map representing (a power of) φ: i.e., a homotopy equivalence f : Γ → Γ of a finite marked graph satisfying many useful properties. The properties needed for the current argument are as follows: there is an ordering E 1 , . . . , E m of the edges of Γ such that:
(1) For every i, the graph Γ i = E 1 ∪ · · · ∪ E i has no valence one vertices. We now prove that G φ = π 1 (M f ) belongs to AC(VNil) by induction on the number, m, of edges in the marked graph G. If m = 1, then φ is the identity automorphism. In this case, G φ Z 2 , which belongs to AC(VNil).
For the inductive step, we use property (2) to modify f by a homotopy and arrange that f fixes an interval J in the interior of E m and that f −1 (J) = J. (x), 1) be the mapping torus. In M f , the interval J gives rise to an embedded annulus, J × S 1 , and hence (by Van Kampen's Theorem) to a splitting of π 1 (M f ) = G Φ over an infinite cyclic group: either G Φ = H * Z H or G Φ = H * Z according to whether or not E m is separating in Γ = Γ m . The properties of f stated above imply that the groups H and H are mapping tori of free group automorphisms represented by graphs satisfying the above properties and which have fewer edges than Γ, so they belong to AC(VNil) by induction. Let T be the Bass-Serre tree associated to this splitting. It is not necessarily the case that G φ T is acylindrical. In fact, if E and E are two edges in T , then
Proof of Claim. Consider the standard presentation,
We remind the reader that every element of h ∈ G Φ can be written uniquely as gt k for some integer k and some element g ∈ F n as follows: if h = g 0 t k 1 g 1 t k 2 . . . t k l g l , then using the relations we have
Now the fundamental group of the embedded annulus, π 1 (J × S 1 ), is identified in G Φ with the stable letter, t. Evidently the edge stabilizers in T are precisely the conjugates of t . Using the observation above, we see that any conjugate of t can be written in the form gt for some g ∈ F n and moreover that the element g is unique. Thus, if Stab(E) ∩ Stab(E ) = 1, then gt ∩ t = 1 and therefore g = 1 ∈ F n , so Stab(E) = Stab(E ).
Returning to the proof, for an edge E of T , we let T E be the forest in T consisting of edges whose stabilizer is equal to Stab(E). That T E is connected follows from the fact that T is a tree. We are interested in the stabilizer Stab(T E ); suppose that Stab(E) = t and that w ∈ Stab(T E ) is such that w −1 ·E = E ∈ T E . As above, we can write w uniquely as w = gt k . On one hand, the definition of T E provides that the stabilizer of E is equal to t . On the other hand,
We conclude that Stab(T E ) t × Fix(Φ), and recall that Fix(Φ) is a finite rank free group [Ger87, BH92] . Since AC(VNil) is closed under taking products, and free groups belong to AC(VNil), we conclude that Stab(T E ) belongs to AC(VNil).
The subtrees {T E } E∈T form a transverse covering of T (this is implied by the Claim). Letting S denote the skeleton of this transverse cover (refer to §2.4 for definitions and notation), we observe the following:
Proof of Claim. Let v, v ∈ V (S) be vertices with d(v, v ) ≥ 6 and suppose g ∈ Stab(v) ∩ Stab(v ). By moving to adjacent vertices if necessary, we may assume that v, v ∈ V 1 so that they are labeled by intersections of subtrees in Y (i.e., points in T ) rather than by trees themselves. We will again denote by v and v the corresponding points in T . Now g must fix the segment in T connecting v to v , and after moving to adjacent vertices we still have d S (v, v ) ≥ 4. In particular, there are two vertices in V 0 on the segment in S between v and v ; hence the segment connecting v and v in T contains edges in two distinct subtrees T E and T E . So g ∈ Stab(T E ) ∩ Stab(T E ) must stabilize two edges with different stabilizers and so g = 1 by the first claim.
Returning one last time to the proof of the proposition we remark that the vertex stabilizers in S come in two flavors: stabilizers of vertices in V 1 are subgroups of vertex stabilizers in T , which belong to AC(VNil) by induction on the number m of edges; and stabilizers of vertices in V 0 , which are isomorphic to F × Z and also belong to AC(VNil). Finally, applying Theorem 2.4 proves Proposition 3.1.
Extensions
In this final section, we use the transitivity principle to deduce Theorem 1.2 from the results of the preceding one.
be a short exact sequence of groups If Q satisfies the K-theoretic (resp. L-theoretic) Farrell-Jones conjecture, then so does G.
Given a homomorphism ϕ : G → H and a family of subgroups F of H, the family of subgroups {K ≤ G | φ(K) ∈ F } is denoted by ϕ * F. When ϕ is the inclusion of a subgroup, we sometimes denote ϕ * F by F| G . We now recall the two relevant results from [BLR08c] , which we have rephrased to suit our purposes: Proof of Theorem 1.2. We first apply Theorem 4.2 taking F = VCyc and G = π * (VCyc); the assumption on elements of G is equivalent to the statement of Theorem 1.1. We can therefore conclude that G satisfies FJC relative to VCyc if and only if G satisfies FJC relative to π * (VCyc). Lemma 4.1 says that the latter of these two statements holds provided that Q satisfies the Farrell-Jones Conjecture relative to VCyc, which is evident.
